Abstract. Here we develop some basic analytic tools to study compactness properties of J-curves (i.e. pseudo-holomorphic curves) when regarded as submanifolds. Incorporating techniques from the theory of minimal surfaces, we derive an inhomogeneous mean curvature equation for such curves, we establish an extrinsic monotonicity principle for non-negative functions f satisfying ∆f ≥ −c 2 f , we show that curves locally parameterized as a graph over a coordinate tangent plane have all derivatives a priori bounded in terms of curvature and ambient geometry, and we establish ǫ-regularity for the square length of their second fundamental forms. These results are all provided for J-curves either with or without Lagrangian boundary and hold in almost Hermitian manifolds of arbitrary even dimension (i.e. Riemannian manifolds for which the almost complex structure is an isometry).
Introduction
In his seminal 1985 paper [7] , Gromov introduced the notion of a "pseudoholomorphic curve" and established the fundamental notion of compactness for families of such J-curves. Since then, the vast majority of modifications and generalizations to Gromov's compactness theorem have all followed the same basic recipe, namely to study J-curves as a type of special harmonic map. This essentially reduces the compactness problem to applying Deligne-Mumford compactness to the underlying Riemann surfaces and then applying bubbling analysis. However, there are a growing number of examples in which this approach badly breaks down -for instance, J-curves in a family of symplectic manifolds which lacks a uniform energy threshold. Such a case was considered in the author's Ph.D. thesis [4] , in which a compactness result was proved for J-curves in the connected sum of two contact manifolds for which the connecting handle collapsed to a point. The key difficulty there and in several current research directions (particularly J-curves in symplectic cobordisms between non-compact and/or degenerate contact manifolds) is the lack of a uniform energy threshold. Indeed, the lack of this quantity is so fundamental that it necessitates an alternate approach to the compactness problem: namely, to regard J-curves as submanifolds and to prove compactness by incorporating elements from minimal surface theory. Such an approach was taken in [3] , and the results proved below constitute the core analytic estimates on which those arguments rely, namely extrinsic monotonicity, graphical parameterizations with a priori bounds, and ǫ-regularity of the square-length of the second fundamental form. In Section 1.2 below, we restate the main result from [3] and sketch a proof with an emphasis on applications of the estimates proved below.
We now make two important points. First, the results that follow are established for J-curves either with or without a partial Lagrangian boundary condition. Consequently, the target-local results proved in [3] (which impose no such boundary condition) appear to be generalizable to the Lagrangian boundary case.
The second point is that (the image of) a J-curve satisfies an inhomogeneous mean curvature equation of a form which allows for a variety of minimal surface techniques to be adapted to prove the main results of this article. While these arguments appear to be familiar (if not well known) to the Riemannian geometry community, they seem to be unknown to the pseudo-holomorphic curve community at large. Furthermore the main theorems proved in [?] and [3] critically rely on the estimates below, necessitating a precise formulation of these results. Consequently, a distinct effort has been made to keep the Riemannian aspects of the analysis as clear as possible and reasonably elementary. For instance, we attempt to either reference well-known results or else provide proofs of basic results for completeness. Although this approach lengthens the exposition, it has hopefully increased the paper's readability and accessibility for the target audience.
Statement of results.
Here we collect slightly simplified versions of the main results established in this article; see Section 2 for relevant definitions. For convenience, we will only state here the results for J-curves which lack a partial Lagrangian boundary condition. The first such result concerns extrinsic monotonicity, and is a modified statement of Theorem 1 from Section 3.2 below. The Lagrangian boundary case is stated as Theorem 2 from Section 3.3 below.
Theorem A. Let (M, J, g) be an almost Hermitian manifold. Then there exists a constant C, depending only on the geometry of (M, J, g), with the following significance. For any compact J-curve u : S → M which lacks constant components and satisfies ∂S = u −1 (∂M ), and for any point p ∈ u(S \ ∂S) ⊂ M \ ∂M , and positive constants b and λ where b is sufficiently small relative to the geometry of (M, J, g) near p, and function f : S → R for which f ≥ 0 and ∆ S f ≥ −λb 2 f , the following holds for any 0 < a < b:
Here B r (p) = {q ∈ M : dist(p, q) < r}, and integration is taken with respect to the Hausdorff measure associated to u * g, or equivalently (since u parameterizes a J-curve) the two-form u * ω with ω := g • (J × 1).
Although the above estimate is perhaps foreign in its current form, it is not too difficult to see that for particular choices of f and constants, a number of results can quickly be deduced, such as the extrinsic mean value inequality for sub-harmonic functions and a version of the monotonicity of area lemma which is stronger than the version commonly cited for J-curves; see Corollaries 3.6, 3.7, 3.12, 3.13 below. It should also be pointed out that the above result holds regardless of the topology of u −1 B r (p) . Also of possible interest is that a very similar result holds for Jcurves which have two (totally geodesic) Lagrangian boundary conditions and the Lagrangians intersect transversally. See Section 3 below.
The next result, Theorem B below, should not be regarded as a stand-alone result, but rather as a very convenient computational tool when working in local coordinates in M . Indeed, it is used in Section 5 to establish various regularity results for the second fundamental form of a J-curve, and it is critically used in [3] to obtain compactness results for sequences of immersed J-curves with a priori bounded curvature but potentially unbounded topology. It is a modified restatement of Theorem 3 from Section 4.1 below. The case with partial Lagrangian boundary condition can be found in Section 4.2 and is stated there as Theorem 4.
Theorem B. Let (M, J, g) be an almost Hermitian manifold, ǫ > 0, and u : S → M a compact immersed J-curve with ∂S = u −1 (∂M ) which has second fundamental form B that satisfies B L ∞ ≤ 1. Then there exists constants r 0 > 0 and C 0 , C 1 , . . . which depend only on ǫ and the local geometry of (M, J, g) with the following significance. For each ζ ∈ S for which dist u(ζ), ∂M ≥ ǫ, there exist maps φ : D r0 → S and geodesic normal coordinates Φ : B 2r0 u(ζ) → R 2n for which the following hold (1)ũ(s, t) := Φ • u • φ(s, t) = s, t,ũ 3 (s, t), . . . ,ũ 2n (s, t) , (2) φ(0) = ζ,ũ(0, 0) = 0, and D αũ i (0, 0) = 0 for |α| = 1 and i = 3, . . . , 2n, (3) ũ C k (Dr 0 ) ≤ C k for k ∈ N.
In short, Theorem B guarantees that any J-curve with a priori bounded curvature can be locally parameterized as a graph over a disc (of radius uniformly bounded away from zero) in a coordinate tangent plane in such a way that all derivatives of said parameterization are uniformly bounded independent of the Jcurve.
The final consequence of this article is an ǫ-regularity result for the square length of the second fundamental form. These are stated below as Theorem 5 and Theorem 6, however rather than restate them here, we instead state Theorem C, which follows as an immediate corollary and has more transparent applications.
Theorem C. Let (M, J, g) be a compact almost Hermitian manifold, and ǫ > 0. Then there exists > 0 depending only on ǫ and the local geometry of (M, J, g) with the following significance. For each compact immersed J-curve u : S → M with ∂S := u −1 (∂M ) and each ζ ∈ S with dist u(ζ), ∂M > ǫ, the following holds for every 0 < r < :
Here B u is the second fundamental form of the immersion u, and B r (p) := {q ∈ M : dist g (p, q) < r}.
Roughly speaking, Theorem C guarantees that if the curvature B of a J-curve is large at a point, then a small neighborhood of this point captures a threshold amount of total curvature B 2 . This is relevant since integrating the Gauss equations for immersed closed J-curves shows that the total curvature S B 2 is bounded in terms of the genus of S, the area of S, and the geometry of (M, J, g). Indeed, this estimate and such an a priori bound on the total curvature form the foundation of the compactness results given in [3] ; a sketch of this argument is provided in the next section.
Applications.
The above results are technical in nature, so we take a moment to discuss their application in the target-local compactness result proved in [3] . Indeed, the main result of that article is the following:
Theorem D. Let (M, J, g) be a compact almost Hermitian 1 manifold with boundary. Let (J k , g k ) be a sequence of almost Hermitian structures which converge to (J, g) in C ∞ (M ), and let (u k , S k , j k , J k ) be a sequence of compact J k -curves (possibly disconnected, but having no constant components) satisfying the following:
(1)
Then there exists a subsequence (still denoted with subscripts k) of the u k , an ǫ > 0, and an open dense set I ⊂ [0, ǫ) with the following significance. For each δ ∈ I, defineS δ k := {ζ ∈ S k : dist g u k (ζ), ∂M ) ≥ δ}; then the J k -curves (u k ,S δ k , j k , J k ) converge in a Gromov sense.
There are a variety subtleties which make the proof of this theorem less than obvious. For instance, one serious problem here is that we have not assumed that the number of connected components of the ∂S k is uniformly bounded. Since the S k need not be diffeomorphic, we see that the standard arguments (i.e. DeligneMumford convergence of the underlying Riemann surfaces and then bubbling analysis) will be useless. On the other hand, if one could pass to a subsequence and find 0 < δ < ǫ for arbitrarily small δ such that the curves (u k ,S ǫ,δ k , j k , J k ) with S ǫ,δ k := {ζ ∈ S k : ǫ ≥ dist g u k (ζ), ∂M ) ≥ δ} 1 That is, for (M, J, g) we require that g is a Riemannian metric, and the almost complex structure J is an isometry.
converged in C
∞ to an immersed curve, then one could use this convergence plus standard techniques to prove the above theorem. Indeed, this is precisely the tack taken in [3] , so let us now see the relevance of the estimates proved below.
We begin by assuming the u k : S k → M are immersed; this is not an assumption in [3] , but it will make the discussion in this section clearer. The desired result is then proved in three steps. The first step is to prove Theorem D under the additional assumption that the second fundamental forms B u k of the immersions u k are uniformly bounded in L ∞ , and that the limit curve is immersed and not nodal. Since it is again the case that the domains S k (or trimmed domainsS δ k ) are not diffeomorphic, one may still not employ standard arguments for Gromov compactness. Instead, one employs Theorem B to cover theS δ k by open sets of the form U k,i = φ k,i (D r0 ), where i ∈ {1, . . . , n k }; a further consequence of Theorem B is that the mapsũ k,i := Φ k,i • u k • φ k,i have a priori bounds on all derivatives and r 0 is independent of i and k. Furthermore, by employing the uniform area bound, Theorem A (or other weaker versions of monotonicity), and a standard covering argument, one finds that the U k,i can be chosen so that the n k are uniformly bounded. Since theũ k,i are graphical with uniformly bounded derivatives, it follows from Arzelà-Ascoli that after passing to a subsequence theũ k,i →ũ ∞,i in C ∞ . Using these limit maps, one passes to a further subsequence, constructs a surfacẽ S, an immersionũ :S → M , and diffeomorphisms
This shows the desired convergence under the additional L ∞ curvature bound. Of course, sequences of immersed J-curves often have unbounded curvature B u k L ∞ . Indeed, consider the formation of a critical point:
, or the formation of the standard node: {(z 1 , z 2 ) ∈ C 2 : z 1 z 2 = 1/k} appropriately parameterized. Thus the second step is to prove Theorem D for immersed curves under the additional assumption that the total curvature S k B u k 2 is uniformly bounded. Note that if the S k were each closed, then the total curvature would be bounded in terms of C G , C A , K sec L ∞ , and ∇J L ∞ . Indeed this follows by integrating the Gauss equations, employing the Gauss-Bonnet theorem, and using the fact that J-curves have mean curvature H ν which is L ∞ -bounded in terms of ∇J L ∞ . The difficulty with deriving a similar bound for non-closed S k once again arises from the lack of a priori control of boundary behavior. Nevertheless, assuming uniformly bounded total curvature S k B u k 2 ≤ C B , we see that Theorem C guarantees that the curvature of our curves cannot blowup at arbitrarily many points in the interior of M . More precisely, if {ζ 1,k , . . . , ζ n,k } ⊂ S k is a sequence of finite sets for which lim k→∞ min{
then n is bounded in terms of C B , and the geometry of (M, J, g). Consequently, by passing to a subsequence one may find ǫ, δ > 0 as small as we like such that the B u k L ∞ (S ǫ,δ ) are uniformly bounded. This reduces the problem to the one solved in our first step, and the desired result is immediate.
The third and final step in proving Theorem D for immersed curves is then to show the following. For each δ > 0 there exists a C δ > 0 such that Sδ
Here C δ will depend on C A , C G , and the geometry of (M, J, g). The proof is via contradiction, and employs the results of the previous two steps. The key idea of the proof is the following. Since J-curves have mean curvature bounded in terms of ∇J , it follows from the Gauss equations that the Gaussian curvature of such curves is bounded from above in terms of the sectional curvature of M and ∇J. One can then write down a differential equation relating the area and curvature of intrinsic disks D r := {ζ ∈ S : dist u * g (ζ, ζ 0 )}, from which in can be concluded that if the total curvature on D r is very large, then the area of D 2r is very large as well. Since area is a priori bounded, so too must the total curvature. The desired estimate is then obtained via a covering argument. By the work in step two, the desired result is then immediate. This completes the sketch proof the Theorem D for immersed curves, and it shows how the proof of that theorem critically relies on the estimates proved below. 
Preliminaries
The purpose of this section is to establish some definitions, notation, and elementary results which will be used throughout the remainder of this article. More precisely, in Section 2.1 we define generally immersed J-curves of various Types in almost Hermitian manifolds, and in Section 2.2 we define the second fundamental forms A and B and the mean curvature vector H of generally immersed curves, and we show that J-curves satisfy an inhomogeneous mean curvature equation (see Lemma 2.10 below).
2.1. Definitions and notation. Let M be a compact real 2n-dimensional manifold (possibly with boundary) equipped with a smooth section J ∈ Γ End(T M ) for which J 2 = −1; we call (M, J) an almost complex manifold, and J the almost complex structure. Note that J need not be integrable; that is, it need not be induced from local complex coordinates. Indeed, this will only be true if the Nijenhuis tensor N J associated to J vanishes identically, and do not make such an assumption.
If (M, J) is equipped with a smooth Riemannian metric g for which J is an isometry (i.e. g(x, y) = g(Jx, Jy) for all x, y ∈ T M ), then we call (M, J, g) an almost Hermitian manifold. Observe that any almost complex manifold can be given an almost Hermitian structure (J, g) by choosing an arbitrary Reimannian metricg, and defining g(x, y) := 1 2 g(x, y) +g(Jx, Jy) . To an almost Hermitian manifold (M, J, g) one can associate a fundamental two form (c.f. [9]) ω ∈ Γ Λ 2 T M given by ω(x, y) := g(Jx, y). We call ω the almost symplectic form associated to (J, g), where the "almost" refers to the fact that in general dω = 0. Indeed, ω is non-degenerate by definition, so if ω is closed then it is a symplectic form, and in such case J is an ω-compatible almost complex structure. Again, we do not make this additional assumption.
Suppose (M, J, g) is an almost Hermitian manifold of dimension 2n with associated almost symplectic form ω, and suppose L ⊂ M is a compact embedded submanifold of dimension n, which may be disconnected and may have boundary. Letting T L ⊂ T M L denote the tangent sub-bundle of L, we will say that
equivalently L is Lagrangian if the restriction of ω to L vanishes identically. There is an obvious extension of this definition to Lagrangian immersions, however since the following analysis is all local in nature, it will be sufficient here to assume that L ⊂ M is embedded.
We will often be interested in Lagrangians which are totally geodesic; in other words when each geodesic in (L, g L ) is also a geodesic in (M, g), or equivalently when the second fundamental form of L vanishes identically. While such submanifolds are difficult to find in a given almost Hermitian manifold, we note that the metric only plays an auxiliary role in what follows, so the following result is particularly useful.
Lemma 2.1 (Frauenfelder) . Let (M, J) be an almost complex manifold, and let L ⊂ M be an embedded totally real submanifold. Then there exists a metric g on M for which (M, J, g) is almost Hermitian, L is Lagrangian, and L is totally geodesic.
Proof. See [5] or Chapter 4.3 of [10] .
Continuing with our definitions, we shall say a smooth map u : S → M between smooth manifolds (which may have boundary and corners, be disconnected, or be non-compact) is a generally immersed provided that for each point z ∈ S for which T z u = 0 we have Rank(T z u) = dim S, and the set of critical points, which we henceforth denote as Z u := {z ∈ S : T z u = 0}, has no accumulation points. Furthermore if M is equipped with a Riemannian metric g, then we require that the conformal structure [u * g] on S admits a smooth extension across Z u . If S has real dimension two, then we call (u, S) a generally immersed curve.
Remark 2.2. Given a generally immersed curve u : S → M into an Riemannian manifold (M, g), we note that u * g is not a Riemannian metric, however it does induce the following metric:
In the case that ζ 0 and ζ 1 lie in different connected components, our convention will be to define dist(ζ 0 , ζ 1 ) := ∞. Consequently, we may regard (S, dist u * g ) as a metric space, in which case it can be equipped with Hausdorff measures dH k . Note that if O ⊂ S is an open set on which u is an immersion, then dH 2 (O) = area u * g (O). As such, our convention will be to simply define the area of an arbitrary open set U ⊂ S to be area u * g (U) := dH 2 (U). Furthermore, throughout the remainder of this article, all integration in S will be with respect to these Hausdorff measures unless otherwise specified, and for convenience we shall suppress the measure dH in subsequent computations.
Given a smooth immersion u : S → M into a Riemannian manifold, one can associate several important bundles over S:
In the case that u : S → M is only generally immersed, then T and N will be considered only as bundles over the regular points S \ Z u . In this manner we may still regard T and N as smooth bundles.
Remark 2.3 (An abuse of notation).
In what follows, we aim analyze J-curves not as holomorphically parametrized maps, but rather as sub-manifolds which satisfy an inhomogeneous mean curvature equation. Unfortunately, it will frequently be the case that J-curves need be neither embedded nor immersed, so to proceed with our extrinsic analysis we will employ the following abuse of notation. If u : S → M is generally immersed, then on the set of regular points S \ Z u we identify T S and T via T u; furthermore if E → M is a bundle and σ ∈ Γ(E) is a section, we denote the pulled-back section u * σ simply as σ and refer to it as the restriction to S. For example, if f : M → R is a smooth function, we will often write the restriction as
Given an almost Hermitian manifold (M, J, g), and a generally immersed curve u : S → M , one can consider the non-linear Cauchy-Riemann operator,∂ J , defined by∂ J u := (JT u)
⊥ ∈ Γ Hom(T , N ) . We shall call any generally immersed curve (u, S) which satisfies∂ J u ≡ 0 a pseudo-holomorphic curve, or simply a J-curve. We are primarily interested in J-curves in three similar set-ups which we enumerate as Type 0 maps, Type 1 maps, and Type 2 maps. Roughly speaking, the "type" measures the number of Lagrangian boundary conditions of the map. We now make this precise. Definition 2.5 (Type 1 maps). Given a compact manifold M of dimension 2n and a compact embedded submanifold L ⊂ M of dimension n for which ∂L = L ∩ ∂M , we define a Type 1 map u : S → M to be a smooth and proper generally immersed map from a compact two-dimensional manifold S with piece-wise smooth boundary for which ∂S = ∂ 0 S ∪ ∂ 1 S where the subsets ∂ 0 S,
S is the set of non-smooth boundary points of S (i.e. corners). Definition 2.6 (Type 2 maps). Given a compact Riemannian manifold (M, g) of dimension 2n, two compact embedded submanifolds L 1 , L 2 ⊂ M each of dimension n which intersect each other transversely and satisfy ∂L i = L i ∩∂M , we define a Type 2 map u : S → M to be a smooth generally immersed map from a two-dimensional manifold S with piece-wise smooth boundary for which ∂S = ∂ 0 S ∪ ∂ 1 S ∪ ∂ 2 S, and the following hold.
(
The set ∪ i<j ∂ i S ∩ ∂ j S is the set of non-smooth boundary points of S.
Remark 2.7. We note that maps u : S → M of Type 0 and Type 1 are both proper with compact domains, whereas Type 2 maps are only proper when the target is restricted to M \ (L 1 ∩ L 2 ) and may have non-compact domains. Indeed, unlike the former cases, there are some non-trivial subtleties regarding the behavior of Jcurves of Type 2 near the intersection points L 1 ∩L 2 . A standard manner to analyze this behavior is to regard M \ (L 1 ∩ L 2 ) as a manifold with finitely many negative cylindrical ends. Since we wish to allow for such analysis, we allow J-curves of a Type 2 to have non-compact domains, rather than a priori demanding some sort of corner structure near the intersection of the Lagrangians. It should also be noted that finite area condition is standard in all reasonable applications of J-curves, and here it is essentially a technical convenience.
2.2.
A mean curvature equation. In this section, we derive an inhomogeneous mean curvature equation for J-curves. To that end, we start by recalling some important metric properties of almost complex structures.
Lemma 2.8 (Computational). Let (M, J, g) be an almost Hermitian manifold, and let ∇ denote the Levi-Civita connection associated to g. Then the following hold.
Proof. To prove equation (1), we covariantly differentiate J 2 = −1. To prove equation (2), we fix a vector field Z and covariantly differentiate the equation 0 = JX, Y + X, JY to find that
By (2) , it follows that (∇ Z J)X, X = − X, (∇ Z J)X ; by (1) and (2) it follows that (∇ Z J)X, JX = − JX, (∇ Z J)X ; (3) then follows immediately.
Next, recall that given an immersion u : S → M into a Riemannian manifold (M, g), one may associate second fundamental forms A and B by the following:
where x, y ∈ Γ(T ), ν ∈ Γ(N ), ∇ is the Levi-Civita connection associated to g, and x → x ⊤ and x → x ⊥ are the orthogonal projections from u * T M to T and N respectively. Using fact that ∇ is torsion free, one easily verifies that B(x, y) = B(y, x). Furthermore, defining the bundle S → S of symmetric linear transformations of T by (4) S := {s ∈ Hom(T , T ) : sx, y = x, sy for all x, y ∈ T }, one can use the the Leibniz rule and the fact that ∇ also preserves the metric g to show that A and B are sections of Γ Hom(N , S) and Γ Hom(T ⊗ T , N ) respectively (in particular they are tensors), and they also are related by the following:
As an immediate consequence, on finds
Definition 2.9 (mean curvature H). For immersion u :
It is straight-forward to show that H does not depend on the choices of {e i }, and thus we define the mean curvature vector field H ν ∈ Γ(N ) by H ν := tr S B.
We are now ready to derive a mean curvature equation for J-curves. Lemma 2.10. Let (M, J, g) be an almost Hermitian manifold, and define Q, a (1, 2)-tensor on M , by
Then immersed J-curves satisfy the following inhomogeneous mean curvature equation:
where {e 1 , e 2 } is any locally defined orthonormal frame field of T .
Proof. Without loss of generality, we assume e 2 = Je 1 , and for clarity we define e := e 1 . Then we compute Recall that if the almost symplectic form ω is closed, then ∇ JX J = −J∇ X J (c.f. [10] Appendix C.7) in which case J-curves have vanishing mean curvature; i.e. they are minimal surfaces. Furthermore, it is straight-forward to show that Q ≤ sup M ∇J , so that J-curves have a priori bounded mean curvature in any compact almost Hermitian manifold.
Monotonicity
The purpose of this section is to establish extrinsic monotonicity results for nonnegative functions f : S → R which satisfy ∆ S f ≥ −λb 2 f on J-curves u : S → M . The approach below follows the basic argument for minimal surfaces in threedimensional Riemannian manifolds given in [2] , but with necessary generalizations for J-curves in almost Hermitian manifolds of arbitrary (even) codimension. The interior case is established in Section 3.2, and Lagrangian boundary case is established in Section 3.3. Before deriving these results however, we recall the definition and properties of the Laplace-Beltrami operator ∆ in Section 3.1. The most important result in that section is Lemma 3.1, in which establishes a useful estimate for ∆β 2 where β : O ⊂ M → R is the distance to a point; that is β(q) := dist(p, q) for some fixed p ∈ M .
3.1. The Laplace-Beltrami operator. Here we recall ∆ M , and provide some elementary estimates which will be useful later on. Indeed, recall that for an mdimensional Riemannian manifold M , one can define the Laplace-Beltrami operator ∆ M by the following:
where the gradient and divergence are given respectively by
here e 1 , . . . , e m is any locally defined orthonormal frame field of T M . We take a moment to point out a subtlety in our notation, namely that ∇ M or ∇ S denote gradients on Riemannian manifolds M or S, whereas ∇ denotes a covariant derivative with respect to a Levi-Civita connection.
Given an immersion u : S → M with dim S = n, and a function f : M → R, one can compute the S-gradient of the restriction 2 of f to S:
Here e 1 , . . . , e n is an orthonormal frame of the tangent plane T . Similarly, for a vector field X ⊂ Γ(T M ) along M , one can also compute the divergence of X along a submanifold Σ ⊂ M by the following:
Given a function f : M → R, and a smooth immersion u : S → M , it will be convenient to have a formula for ∆ S f , where we abuse notation as above by letting f denote the restriction f • u : S → R. To that end, we fix a point ζ ∈ S, and let e 1 , . . . , e n be a locally defined orthonormal frame field of T along S for which ∇ ei e j ζ = (∇ ei e j )
⊥ ζ for i, j ∈ {1, . . . , n}. We then extend e 1 , . . . , e n to a locally defined orthonormal frame field e 1 , . . . , e m of T M in a neighborhood of u(ζ). Letting Σ be the image of S by u, we then compute as follows.
Evaluating at ζ ∈ S we find that
2 Recall our abuse of notation discussed in Remark 2.3.
here Hess f M denotes the Hessian of f : M → R and is given by Hess
Consequently, for any immersed J-curve u : S → M with image Σ and vector field
Next, we estimate ∆ S β 2 along a J-curve where β : M → R is the distance from a specified point. To that end, it will be convenient to define the injectivity radius of M at the point p by inj(p), and to denote the sectional curvature of a Riemannian manifold (M, g) at the point p as
where R is the Riemann curvature tensor given by
Given p ∈ M , it will be convenient to define the continuous function p → |K sec (p)| by the following
We now provide the desired estimate. 
here we have abused notation in inequality (12) by letting β denote the restriction, β • u, to the given J-curve.
Proof. First observe that for any function f : S → R, it follows from the definition of
Thus making use of (9), we find
To further massage this equation, we observe that ∇ M β ≡ 1, and thus we may define the orthogonal projection
Consequently,
The proof of Lemma 3.1 then follows immediately from Lemma 3.2 below.
Lemma 3.2. Let (M, g) be a Riemannian manifold, p ∈ M , and let β, C, and r be defined as in Lemma 3.1. Then for each unit vector e ∈ T q M with β(q) ≤ r, we have
Proof. We begin by noting that Hess
, so it is sufficient to prove the above result for the e ∈ T q M which are perpendicular to ∇ M β. Next we recall that the Hessian comparison theorem (c.f. Theorem 1.1 in [13] ) guarantees that if for i = 1, 2, the (M i , g i ) are m-dimensional Riemannian manifolds, and p i ∈ M i , and M2 (e 2 , e 2 ) − 1 ≤ β 2 C/2. To that end, recall (c.f. [13] , Chapter 1) that for any Riemannian manifold (M, g) with p, q ∈ M , dist(p, q) < inj(p), γ : [0, s] → M a unit speed geodesic with γ(0) = p and γ(s) = q, X ∈ T q M and X,γ = 0 we have (15) Hess
where R is defined as in (10) andX is a Jacobi field (i.e. a solution to the following differential equation)
Next, recall (c.f. [8] ) that for a space form (M κ , g κ ) of curvature κ, we have R(X, Y )Z = κ Y, Z X − Z, X Y , in which case solutions to the Jacobi equation (16) have the formX γ(t) = f (t)X γ(t) , where ∇γX γ(·) ≡ 0, X γ(s) = X, f ′′ (t) + κf (t) = 0, f (0) = 0, and f (s) = 1. Observe that
Combining this with (15) for the space forms (M i , g i ) with curvatures ±C 2 /4 as defined above, we have
and Hess β2 M2 (e 2 , e 2 ) = 1 2 C coth(Cβ 2 /2), and thus for Cβ i ≤ 1 we find
Thus we have proved (14), which also completes the proof of Lemma 3.2.
Interior case.
Here we prove the aforementioned monotonicity results for Jcurves of Type 0. We begin with a computational lemma, which will be convenient later.
Lemma 3.3. Let (M, J, g) be a compact almost Hermitian manifold of dimension 2n, and possibly with boundary. Let u : S → M be a J-curve of Type 0, fix
and define the set S r := β −1 [0, r] . Then for every regular value r ≤ 1 2 inj(p) of β, the following holds
Proof. Let ν ∈ Γ(T ) ∂Sr be an outward pointing unit normal vector. Then
where to obtain equality of the second terms on the right hand side we have made use of the fact that β ∂Sr ≡ r so that β 2 pulls out of the integrand, and we then integrated by parts once more. Equality of the third terms follows since ∇ S β ∂Sr = hν for some positive function h : ∂S r → R. The desired result is then immediate.
Theorem 1 (Monotonicity -Type 0). Fix a constant C > 0, and let (M, J, g) be a compact almost Hermitian manifold, possibly with boundary, for which
Q(e, e) + Q(Je, Je) ≤ here |K sec (p)| is defined as in (11), and Q is the tensor defined in Lemma 2.10. Let u : S → M be a J-curve of Type 0, fix ζ 0 ∈ S \ ∂S, define β as above so that β(ζ 0 ) = 0, fix positive constants λ and b so that b <
Proof. We begin by defining the functions
Our goal will be to show that the map τ → G(τ )F (τ ) is monotone increasing on (0, b), and we accomplish this in two steps. The first step is to show that (GF ) ′ ≥ 0 on its set of regular values (which is open and dense), and the second step is to show that this is sufficient to conclude that GF is monotone increasing. Recall the smooth coarea formula states that if f : S → R is an integrable function, and β : S → R is as above and has no critical values in the interval [a, b], then (18)
where the integrals over S b \ S a and ∂S τ are respectively taken with respect to the Hausdorff measures associated to the metric u * g. Note that proof of (18) follows from an elementary change of variables formula. Also note that as an immediate consequence of (18), we have
for every regular value τ 0 of β.
We are now ready to show that (GF ) ′ ≥ 0 on the set of regular values I reg of β. Indeed, for τ ∈ I reg we compute as follows:
where the second equality follows from differentiating and applying equation (19); the third equality follows from Lemma 3.3 together with the fact that 1− ∇ S β 2 = ∇ M β ⊥ 2 ; finally, the first inequality is obtained by employing Lemma 3.1. Consequently (GF ) ′ (τ 0 ) ≥ 0 for every point τ 0 ∈ I reg . Theorem 1 now follows immediately from Lemma 3.4 below.
Lemma 3.4. Consider two functions f, g : [a, b] → R for which f, g ≥ 0, g is continuously differentiable, and f is monotone increasing. Suppose further that the set of regular
, is open, and that at every point τ 0 ∈ I reg we have (gf )
Before providing the proof of Lemma 3.4, let us first make a few remarks regarding Theorem 1 and state a few immediate corollaries. Indeed, the first observation is rather elementary in that the above result holds not just for embedded or immersed curves, but also for generally immersed curves. The second observation is that the the above result holds regardless of the topology of the S r . Indeed, for small b the manifold S b may be a disk, and for larger b the manifold might be a cylinder or pair of pants or a much more complicated surface, and yet Theorem 1 holds. Still postponing the proof, let us deduce some well known corollaries from this single estimate. Proof. The proof is identical to that of the theorem: show the newly defined map τ → F (τ )G(τ ) has non-negative derivative on its set of regular values, which are identical to those of the old map τ → F (τ )G(τ ), then apply Lemma 3.4 to finish the proof.
Corollary 3.6 (Mean Value Inequality). Assume the same hypotheses as in Theorem 1. Then for each ǫ > 0 there exists r 0 < 1 2 inj(p) which depends only on the constant C with the property that whenever 0 < b < r 0 , the following holds:
Proof. Observe that for each ǫ > 0 there exists r 0 > 0 depending only on C such that e 2Cb < 1 + ǫ for all 0 < b < r 0 . Define r 0 as such, and then let a → 0 in Corollary 3.5.
Note in the above, the mass µ(ζ) can alternatively be defined as the unique k ∈ N such that there exist coordinates centered at ζ ∈ S and u(ζ) ∈ M so that in these coordinates u has the form
The existence of such a k is well known (c.f. [10] or [11] ).
3 In other words, Ireg is the set of points at which f is differentiable.
Corollary 3.7 (Monotonicity of Area). Assume the same hypotheses as in Theorem 1. Then for each ǫ > 0 there exists r 0 < 1 2 inj(p) which depends only on the constant C with the property that whenever 0 < b < r 0 , the following holds:
Or more commonly,
Proof. Let f = 1 and observe that ∆ S f = 0 ≥ −λb 2 f for all λ > 0. Apply Theorem 1, and let λ → 0.The result is immediate.
We now complete the proof of Theorem 1 by proving Lemma 3.4.
Proof of Lemma 3.4. We begin by recalling that any function h : [a, b] → R of bounded variation may be written as h = h cont + h sing , where h cont is absolutely continuous, and h sing is differentiable almost everywhere and satisfies
for every regular point τ 0 . In particular, an explicit decomposition can be written as
We furthermore recall (c.f. Chapter 5 in [12] ) that if h is monotone increasing then
, from which it immediately follows that both h cont and h sing are monotone increasing.
We now recall that since g is continuously differentiable and f is monotone, they are each of bounded variation, and so too is their product. Thus we may write
and observe that it is sufficient to prove that each of the three terms on the right hand side of (23) is monotone increasing. To that end, we first consider the first term (gf ) cont . Recall that f is differentiable on the set of full measure I reg , and g is continuously differentiable by assumption, so gf is also differentiable on I reg . Furthermore by our definition of (gf ) cont it follows that for all τ ∈ I reg we have (gf )
which is non-negative by assumption. Consequently
which proves that (gf ) cont is monotone increasing. Next, we consider the second term (gf cont ) sing . We again note that g is continuously differentiable by assumption, and f cont is absolutely continuous by definition, so gf cont is also absolutely continuous, and hence (gf cont ) sing ≡ 0 by (22). Consequently (gf cont ) sing is trivially monotonic.
Thus to finish the proof of Lemma 3.4, it is now sufficient to prove that (gf sing ) sing is monotone increasing. For clarity, we will writef := f sing , and we fix s, t such that a ≤ s < t ≤ b. Then we have
where we have made use of the fact thatf ′ = f ′ sing = 0 on I reg -a set of full measure. Furthermore, I reg is open by assumption, so there exist a countable collection of disjoint non-empty open intervals I k for which
where χ I k is the characteristic function on the interval I k . For each n ∈ N, it will be convenient to define x ±,0 k;n by {x
k;n for each k = 2, . . . , n; similarly, define I k;n , and for notational convenience also define x − n+1;n = t = x 0 n+1;n and x + 0;n = s = x 0 0;n . Next, observe that since g is continuously differentiable, there exists a constant M such that sup [a,b] |g ′ | ≤ M , so by the dominated convergence theorem we have
where the first inequality makes use of the fact that g ≥ 0, and (as previously discussed) the fact that f is monotone increasing implies thatf = f sing is also; in the final equality we have let µ denote the Lebesgue measure. Combining this estimate with (24) proves that the final term in (23) is monotone increasing, and thus Lemma 3.4 is proved.
3.3. Lagrangian boundary case. Here we extend the results of Section 3.2 to the case in which the J-curves of interest have Lagrangian boundary condition. For such results, we will need to take some additional care near the boundaries, so we begin with some observations in that direction.
Here and throughout, (M, J, g) will be a compact almost Hermitian manifold, possibly with boundary. We will also consider either one or two compact embedded totally geodesic Lagrangians L 1 , L 2 ⊂ M which satisfy ∂L i = L i ∩ ∂M . When considering the two Lagranigans, we will also demand that and L 1 has finite transverse intersections with L 2 .
Consider (M, J, g, L) as above, and fix p ∈ L, and fix r 0 so that 0 < r 0 < 1 2 inj(p) and so that L ∩ B r0 (p) is connected. As above, define the distance function β :
Observe that by construction, the gradient field ∇ M β is a smooth vector field on B r0 (p) \ {p}, with ∇ M β ≡ 1, and the integral curves of ∇ M β are unit-speed geodesics in M which emanate radially from from p. Furthermore, L is totally geodesic, connected, and contains p. Consequently we have ∇ M β L ⊂ T L, or in other words the gradient field ∇ M β is parallel to L. As a further consequence, we see that for any vector normal to L given by X ∈ T L ⊥ , we have X, ∇ M β = 0. This is of particular interest, since if u : S → B r0 (p) is a J-curve of Type 1, and we define ν ∈ Γ(T S) ∂1S to be an outward pointing u * g-unit normal vector along the Lagrangian-type boundary
To make use of this fact, it will be convenient to define the sets
for r ∈ [0, r 0 ]. It then follows from (25) that the set of critical values of β • u ∂1S is contained in the set of critical values of β • u S ; we conclude from this observation, and the fact that u is a proper map into M , that for each regular value r of β • u S the set S r has the structure of a smooth manifold with boundary and a finite number of corners. In fact, we can conclude even more, namely that the boundary portions ∂ 0 S and ∂ 1 S intersect orthogonally. We make this precise with Lemma 3.8 below.
Lemma 3.8. Letting u : S → B r (p) be a J-curve of Type 1 as above, with r a regular value of
Proof. Fix ζ ∈ ∂ 1 S r where β u(ζ) = r and r is a regular value of β • u. Let τ 1 ∈ T ζ (∂ 1 S r ) and τ 0 ∈ T ζ (∂ 0 S r ) be unit vectors. We now abuse notation by letting each τ i denote the push-forward u * τ i . Our goal is to show that τ 0 , τ 1 g = 0.
To that end we choose an orthonormal basis {e 1 , . . . , e n , f 1 , . . . , f n } ∈ T u(ζ) M so that Je i = f i for all i = 1, . . . , n, and so that T u(ζ) L = span(e 1 , . . . , e n ), ∇ M β = e 1 , and τ 1 = a
Since r is a regular value of β, it follows that a 1 1 = 0, and since τ 0 and τ 1 span a J-complex line, it follows that there exist x, y ∈ R such that τ 0 = xτ 1 + yJτ 1 , which can be restated in our given basis as 
The result is then immediate.
Next, consider the case in which L 1 and L 2 are transversely intersecting Lagrangians as above, and suppose p ∈ L 1 ∩ L 2 . Also fix r 0 such that 0 < r < 1 2 inj(p) and so that each of L i ∩ B r0 (p) is connected. Then arguing precisely as above, one concludes that for J-curves u : S → B r0 (p) of Type 2, the set of critical values of each of β • u ∂1S and β • u ∂2S is contained in the set of critical values of β • u S , so that again for each regular value r of β • u S the set S r has the structure of a (not necessarily compact) smooth manifold with boundary and a finite number of corners, and the proof of Lemma 3.8 guarantees that for i ∈ {1, 2} we again have
Recall that J-curves u : S → M of Type 2 need not be proper near the finite set L 1 ∩ L 2 . In order to proceed, we will need the following technical result.
, L 2 ) be as above, and let u : S → M be a J-curve of Type 2. Then there exists a decreasing sequence ǫ k → 0 of positive numbers for which ∂S β ǫ k has the structure of a smooth compact one-dimensional manifold with boundary, and
Proof. We begin by recalling that
⊤ , and therefore ∂Sǫ ∇ S β −1 ≥ ∂Sǫ 1, whenever ǫ is a regular value of β • u. Consequently, to prove Lemma 3.9, it is sufficient to prove the existence of a sequence ǫ k → 0 of positive numbers for which ∂S β ǫ k has the structure of a smooth compact onedimensional manifold with boundary, and
To that end, we suppose not. Observe that the regular values of β • u are open and dense in [0, r], so if the result does not hold, then it must be the case that there exist δ, ǫ 0 > 0 such that for almost every ǫ ∈ [0, ǫ 0 ] we have
By applying the coarea formula and inequality (28), which holds for almost every ǫ, we find
However, S has finite u * g-area, which provides the desired contradiction. This completes the proof of Lemma 3.9.
We now prove the analogue of Lemma 3.3 for the Lagrangian boundary case. Again, it is essentially just integration by parts while carefully managing the boundary terms. 
where L 1 and L 2 transversely intersecting totally geodesic Lagrangians as above. Next suppose f ∈ C 2 ∩ W 2,∞ (S, R). Furthermore, letting ν ∈ Γ(T S
Proof. We prove the case in which u : S → M is Type 2; the Type 1 case is simpler since the domain is compact, and the result in that case is easily deduced. We begin by letting ǫ k → 0 be the sequence guaranteed by Lemma 3.9, we define S r,ǫ k to be the closure of S r \ S ǫ k and integrate by parts twice to find
where to obtain the first inequality, we recall that S is a finite measure space and f ∈ L ∞ and ∆ S β 2 ∈ L ∞ (this latter statement follows from Lemma 3.1). To obtain the third equality, we made use of the fact that by assumption ∇ S f, ν ∂iS β r = 0 for i = 1, 2, and by the discussion at the beginning of this section, in particular equation (25), we have ∇ S β, ν ∂S β r,ǫ k = 0 for i = 1, 2; to obtain the final equality, we have made use of the fact that the functions β ∇ S f and f are in C 0 ∩L ∞ (S, R), β ∂0S β ǫ k ≡ ǫ k , and Lemma 3.9. Finally, pulling the β terms outside the boundary integrals, observing that ν ∂0S β r = ∇ S β −1 ∇ S β, and integrating by parts once more on the second term in (29) (and again arguing via limits and Lemma 3.9) yields
which is precisely the desired result. here |K sec (p)| is defined as in (11) and Q is the tensor defined in Lemma 2.10.
as appropriate, and fix b ∈ R such that 0 < b < 1 2 min inj(p)
Proof. The proof of Theorem 2 is identical to that of Theorem 1 after the following two modifications are made: first, all references to ∂S r must be replaced with references to ∂ 0 S r , and second, references to Lemma 3.3 must be replaced with references to Lemma 3.10. Also note that by Lemma 3.8 and the discussion proceeding it, the coarea formula (18) and its consequence (19) again hold for these curves.
As in Section 3.2 we deduce some immediate corollaries.
Corollary 3.11. Theorem 2 also holds in the Type 1 case when ζ 0 ∈ ∂ 1 S is fixed and the S r are alternatively defined to be the connected component of u −1 B r (p) which contains ζ 0 .
Corollary 3.12 (Mean Value Inequality). Assume the same hypotheses as in Theorem 2, with u : S → M a J-curve of Type 1. Then for each ǫ > 0 there exists a positive r 0 depending only on C such that, the following also holds:
where µ(ζ) := lim a→0 1 πa 2 area S a (ζ) and S a (ζ) is the connected component of u −1 B a (u(ζ)) which contains ζ. In particular, if ζ 0 = u −1 u(ζ 0 ) ∈ ∂ 1 S and ζ 0 is not a critical point of u, then
Corollary 3.13 (Monotonicity of Area). Fix the same assumptions as in Theorem 2 with a J-curve u : S → R of Type 1, fix ζ 0 ∈ ∂ 1 S a regular point of u, and define S r (ζ 0 ) as in Corollary 3.12. Then for each ǫ > 0 there exists an r 0 > 0 depending on C such that whenever 0 < b < r 0 the following holds:
Or in more common form:
Graphs with a priori bounds
The purpose of this section is to prove Theorems 3 and 4, which essentially establish that J-curves (with or without Lagrangian boundary) which have L ∞ -bounded second fundamental forms, can locally be graphed over a coordinate tangent plane with a priori bounds on all derivatives. Also of importance here is that the domain of these graphical parameterizations are disks or half-disks with radii bounded away from 0 depending only on the curvature bound and properties of the geometry of the ambient manifold (M, J, g) or (M, J, g, L) as appropriate. Such parameterizations with a priori bounds are necessary for the analysis in Section 5, as well as in the analysis in [3] . In Section 4.1 we consider the case without Lagrangian boundary, and in Section 4.2 we consider the case with Lagrangian boundary. 4.1. Interior case. Here and throughout this Section 4, K will denote a compact set contained in a manifold M , and we will say K ⊂⊂ M provided K ⊂ Int(M ). Also, given a Riemannian metric g on M , we will let ∇ denote the associated LeviCivita connection, and for any immersion u : S → M , we let B denote the associated second fundamental form as defined in Section 2.2. It will also be convenient to use the notation
) be a Riemannian manifold and let T be a tensor on M . For each point p ∈ K we define the ball B(p) := B 3 4 inj(p) (p), and equip it with geodesic normal coordinates (x 1 , . . . , x m ) centered at p. For multi-indices I 1 and I 2 , we let T
I2
I1 denote the components of T in the coordinates (x 1 , . . . , x m ), and then define
.
Similarly for each α ∈ (0, 1] we define
, where |q 1 − q 2 | is the distance between q 1 and q 2 computed with respect to the flat metric dx i ⊗ dx i . More generally, if K ⊂ M \ ∂M is a set, then by repeating the above construction for each p ∈ K, we also define
, and
Definition 4.2 (admissible). The triple (M, g, K), where (M, g) is a compact Riemannian manifold of dimension m (possibly with boundary) and K ⊂ M is a compact subset, is said to be admissible provided the following hold. 
where B Proof. We begin by observing that if ∇ and ∇ c are the Levi-Civita connections associated to g and g c respectively, then ∇ = ∇ c . This can be proved by observing that the Christoffel symbols of ∇ are invariant under rescaling the metric. Consequently, it follows that paths which are constant speed g-geodesics are also constant speed g c -geodesics, and thus
It is then straightforward to deduce (R1).
Next observe that if e 1 , . . . , e m is a g-orthonormal frame for T p M , then the vectors c −1 e 1 , . . . , c −1 e m form a g c -orthonormal frame for T p M . Consequently, if O ⊂ M is some small neighborhood of p, and Φ : O → R 2n are g-geodesic normal coordinates, and Φ c : O → R 2n are g c -geodesic normal coordinates, then Φ c = cΦ. However, for x ∈ R 2n and Y, Z ∈ T x R 2n , we can then compute
Thus letting g c ij and g ij denote the components of g c and g respectively in g c and g geodesic normal coordinates, we find that g c ij (x) = g ij (x/c), and then (R2) is easily deduced. Arguing similarly, one finds that (Φ c * J) ij (x) = (Φ * J) ij (x/c), and (R3) follows immediately.
Next, recall that for smooth sections Y, Z ∈ Γ(T M ) which are point-wise linearly independent, the sectional curvature of the plane spanned by Y and Z is given by
As observed above, ∇ = ∇ c , so (R4) is then quickly deduced. Similarly, since
⊥ for sections Y, Z ∈ Γ(T ) of the tangent bundle of the immersion u : S → M , we see that (R5) also follows immediately.
It will be convenient for later computations to have the following basic estimates at our disposal. The proof of Lemma 4.5 below is elementary.
Lemma 4.5. Let (M, g, K) be an admissible triple, p ∈ K a point, (x 1 , . . . , x m ) geodesic normal coordinates centered at p, g ij the components of g in these coordinates, g ij which satisfy g iℓ g ℓj = δ j i , and Γ k ij the Christoffel symbols of the Levi-Civita connection associated to g in these coordinates. Then for all points q ∈ M for which |q| := dist(p, q) ≤ 1, the following inequalities hold.
Furthermore, forḡ := dx i ⊗ dx i , the following inequalities hold.
g . Lastly, for V ⊂ T q M , a vector space of dimension k, we let π g V and πḡ V respectively denote the g andḡ orthogonal projections onto V. Then for q as above, and Y, Z ∈ T q M , the following inequalities also hold.
We are now prepared to prove a a key result about graphical parameterizations.
Lemma 4.6 (Uniform Local Graphs).
There exists a constant r 0 > 0 with the following significance. Let (M, g, K) be an admissible triple with dim M = m, and suppose u : S → M is a Type 0 immersion for which
Then for each ζ ∈ u −1 (K), there exists a map φ : D r0 → S and geodesic normal coordinates Φ : B 2r0 u(ζ) → R m with the following properties. 
Furthermore, letting subscripts s and t denote partial derivatives, and denoting γ 11 = u s , u s g , γ 12 = γ 21 = u s , u t g , γ 22 = u t , u t g , and γ ik γ kj = δ j i , the following inequalities also hold.
Proof. Begin by defining a constant δ := 10 −10 . Assume that Φ : B 2δ u(ζ) → R m has been chosen so that Φ u(ζ) = 0 and the image of T ζ (Φ • u) is R 2 × {(0, . . . , 0)}. We next claim (and shall prove) that (31) exp ζ : {X ∈ T ζ S : X u * g ≤ δ} → S is well defined and is an immersion. Indeed, the map is well defined since
where the second-to-last inequality follows from the admissibility of (M, g, K). If the map were not an immersion, then the Riemannian manifold (S, u * g) would have conjugate points ζ, ζ ′ for which dist u * g (ζ, ζ ′ ) ≤ δ. By considering the Jacobi equation along the shortest connecting geodesic, one can show that there must be some point ζ ′′ ∈ S at which the Gaussian curvature satisfies K u * g (ζ ′′ ) ≥ δ −2 . However recall the Gauss equations for immersions: 
where we have made use of the fact that the length of the second fundamental form is bounded by assumption, and that sup K |K sec | ≤ 1. Indeed, this latter statement follows from the fact that (M, g, K) is an admissible triple, together with Lemma 4.5. The contradiction (32) then shows that indeed the exponential map in (31) is an immersion. Next observe that for any X ∈ T ζ S with X u * g = 1, the path given by α(t) := u • exp u * g ζ (tX) is the image by u of a u * g-unit speed geodesic in S emanating from ζ, and it is defined for t ∈ [0, δ]. Furthermore, for geodesic normal coordinates Φ = (x 1 , . . . , x m ), we can locally define the flat metricḡ := dx i ⊗ dx i ; we also locally define the (2, 1) tensor Γ by
where ∇ and∇ are the Levi-Civita connections associated to g andḡ respectively. Note that conveniently the components of Γ are precisely the Christoffel symbols of ∇ in the specified geodesic normal coordinates. We then estimate as follows:
here X → X ⊥ is the g-orthogonal projection to the normal bundle of N → S. Making use of the fact that B g ≤ 1, we integrate up to find that
where we have made use of the following facts: dx i g ≤ 2 and Γ ḡ ≤ 1; these estimates are easily deduced from Lemma 4.5. Similarly for a continuous unit vector field η along α which is locally tangent to the image of u but orthogonal toα, one finds
Let pr : R m → R 2 be the coordinate projection pr(x 1 , . . . , x m ) = (x 1 , x 2 ). It follows from inequalities (33) and (34) that there exists a r 0 ∈ (0, δ) such that the map
is a diffeomorphism with its image, its image contains D r0 , and the map
is well defined and satisfies properties (P1) -(P6). We postpone the proof of (P7) for the moment, and instead prove (P8). To that end, we note that by integrating (P5) it follows that for ρ = (s, t)
Making use of the fact that dist Φ * g ũ(ρ), 2 , we see that the right-most inequality of property (P8) follows from inequality (35). However the left-most inequality of property (P8) also holds, since
To prove property (P7) it will be convenient to work in R m rather than B 2δ (p), so we will abuse notation by allowing g andḡ to respectively denote Φ * g and Φ * ḡ . Roughly speaking, property (P7) will follow from the fact that the length of the second fundamental form B u is a priori bounded; the proof would be obvious if second derivatives ofũ (when regarded as vector fields alongũ(D r0 )) were always g-orthogonal to the surfaceũ(D r0 ), however this is not the case. Thus we need the following computational lemma to bound the second derivatives by their normal components.
Lemma 4.7. Letũ : D r0 → R m be as above. Suppose q ∈ũ(D r0 ), and X ∈ T q R m with dx 1 (X) = 0 = dx 2 (X), and let π g N : T q R m → N q denote the g-orthogonal projection to the fiber N q of the g-normal bundle N →ũ(D r0 ). Then
Proof.
Here and throughout, we will regardũ s =ũ s (ρ) andũ t =ũ t (ρ) as vectors in Tũ (ρ) R m . We then observe that the graphical parametrizationũ and the definition ofḡ yield sin(θ)ũ s + cos(θ)ũ t Thus for any X ∈ T q R m with dx 1 (X) = 0 = dx 2 (X), we find
X, sin(θ)ũ s + cos(θ)ũ t ḡ sin(θ)ũ s + cos(θ)ũ t ḡ (37)
Next, recall that for each q ∈ũ(D r0 ) we have dist g (0, q) ≤ δ, so by so by Lemma 4.5, it follows that for each Y ∈ T q R m , the following estimates hold:
where T is the plane tangent toũ(D r0 ) at q. Combining these estimates with inequality (37), we find that for each X ∈ T q R m with dx 1 (X) = 0 = dx 2 (X), the following holds:
which is precisely the desired inequality. This completes the proof of Lemma 4.7.
We are now ready to prove (P7). Indeed, observe that for any multi-index α with |α| = 2, the first two components of D αũ vanish; thus regarding D αũ (ρ) ∈ Tũ (ρ) R m , we see that Lemma 4.7 applies. For instance, we then have
The same estimate holds for the other second derivatives, and thus property (P7) follows immediately.
To prove property (P9), recall that ρ ∈ D r0 guarantees dist g ũ(ρ),ũ(0) ≤ δ = 10 −10 , so by Lemma 4.5 it follows that
combining this inequality with (P5) then guarantees that |γ ij −δ ij | ≤ 10 −9 . Letting [γ ij ] and [γ ij ] denote the symmetric positive definite 2 × 2 matrices with entries γ ij and γ ij respectively, it then follows that
The first inequality of (39) together with the fact that [γ ij ] is a positive symmetric definite matrix and [
To prove (P10), we first note that the third inequality of (39) guarantees that γ ij C 0 (Dr 0 ) ≤ 2, so it remains to estimate the Hölder seminorm [·] 0,α given by (40) [f ] 0,α := sup
, and γ ij = ±γ i ′ j ′ /|γ| for some i ′ and j
where · denotes the C 0 (D r0 ) norm. To estimate the right-most term we compute
where we have made use of properties (P5) and (P7). The same argument holds for the partial of the γ ij with respect to s and t, so conclude that Dγ i ′ j ′ ≤ 20, and thus γ
This verifies property (P10), and completes the proof of Lemma 4.6.
We are now prepared to state and prove the main result of Section 4.1, namely Theorem 3, which guarantees that J-curves with a priori bounded curvature, can be graphically parameterized in such a way that all derivatives of the parameterization are bounded a priori. We now make this precise. Letting r 0 be the constant guaranteed by Lemma 4.6, we fix ζ ∈ u −1 (K) and let φ : D r0 → S and Φ : B 2r0 → R 2n denote the maps also guaranteed by that Lemma. Then forũ := Φ • u • φ, the following estimate holds.
Proof. We begin by defining the constants r k := 
here the Γ µ αβ are the Christoffel symbols associated to geodesic normal coordinates, the component functions Q 
. However, r 0 is a universal constant, α is fixed by assumption, ũ C 1,α (Dr 0 ) is bounded in terms of α and ũ C 2 (Dr 0 ) , and g C
Thus by elliptic regularity (c.f. [6] , Chapter 6), it follows that there exists a
By the usual elliptic bootstrapping argument (i.e. differentiating the equation γ ij D ijũ µ = F µ , to show that higher order derivatives ofũ µ solve the same partial differential equation with a different inhomogeneous term), there exist constants
Since this estimate holds for k = m, we let C ′ := C m , and the proof of Theorem 3 is complete.
Lagrangian boundary case.
In this section we prove results analogous to those of Section 4.1 in the case that the J-curves of interest have a partial Lagrangian boundary condition, or more precisely the J-curves are Type 1 immersions.
Here and throughout, the 4-tuple (M, J, g, L) will consist of a smooth compact almost Hermitian manifold (M, J, g) of dimension 2n (possibly with boundary), and a compact embedded totally geodesic Lagrangian submanifold L ⊂ M with ∂L = L ∩ ∂M . • J for k = 1, . . . , n, and we define the associated L-adapted geodesic normal coordinates (x 1 , . . . , x 2n ) by the following:
Just as the injectivity radius is associated to the exp map, we also define an L-adapted injectivity radius associated to the exp L map by the following.
We then define the L-adapted injectivity radius at p to be the following:
where the conditions (C1) and (C2) are given by (C1) exp
Note that when comparing the L-adapted injectivity radius to the usual injectivity radius, the first condition (C1) is an obvious adaptation from the usual definition, whereas the second condition (C2) guarantees that if p ∈ L and ǫ < inj 
Since L-adapted geodesic normal coordinates are a bit non-standard, we take a moment to discuss properties of the metric components g ij in these coordinates.
We make this precise with Lemma 4.10 below.
Lemma 4.10. Let (M, J, g, L) be as above. Then in local L-adapted geodesic normal coordinates Φ = (x 1 , . . . , x 2n ) centered at p ∈ L \ ∂L, the following hold locally.
For any odd i, j ∈ 1, . . . , 2n − 1 the components of the metric satisfy the following along L
. . , 2n − 1 are odd, and e k ∈ 2, . . . , 2n is even.
Proof. The validity of (L1) follows from the definition. Consequently, along L, the vector fields {∂ x 2k−1 } n k=1 form a basis for the fibers of T L, which proves the first half of (L2). Next observe that since L is totally geodesic, it follows that for any sections
. We conclude that (L3) and the second half of (L2) hold. It is clear from the definition that g ij (p) = δ ij . We now claim that Γ k ij (p) = 0 whenever i and j are both even or both odd. To prove this, we will consider the former case; the latter follows by the same argument. Recall that in L-adapted geodesic normal coordinates, the paths γ(t) = (0, a 2 t, 0, a 4 t, . . . , 0, a 2n t) are geodesics. In other words,
Thus a i a j Γ k ij (0) = 0 whenever a 2k−1 = 0 for all k = 1, . . . , n. By considering a ℓ = δ iℓ with i even, one quickly concludes that Γ k ij (0) = 0 whenever i = j and i is even. By considering a ℓ = δ iℓ + δ jℓ with i and j even, and recalling that ∇ is torsion free, one deduces that Γ k ij (0) = 0 whenever i and j are even; the same argument holds when i and j are both odd. Observe that we have just verified that ∇ ∂ x i ∂ x j p = 0 whenever i and j are both even or both odd. Also by construction, the ∂ x 2k are parallel along geodesics in L emanating from p, so Γ k ij (0)∂ x k = ∇ ∂ x i ∂ x j p = 0 whenever i is odd and j is even. Since ∇ is torsion free, one concludes that Γ k ij (0)∂ x k = ∇ ∂ x i ∂ x j p = 0 for all i, j = 1, . . . , 2n. Property (L4) then follows from the computation
Lastly, note that property (L3) and the fact that L is totally geodesic guarantee property (L5).
be as above and let T be a tensor on M . For each point p ∈ L \ ∂L we define the bi-ball
, and equip it with L-adapted geodesic normal coordinates (x 1 , . . . , x 2n ) centered at p. For multi-indices I 1 and I 2 , we let T
I2
I1 denote the components of T in the coordinates (x 1 , . . . , x 2n ), and then define
, where |q 1 − q 2 | is the distance between q 1 and q 2 computed with respect to the flat metric dx i ⊗ dx i . More generally, for any subset K ⊂ L \ ∂L, we repeat the above construction for each p ∈ K, to define
, and 
is an admissible triple, and
As in Section 4.1, it will be convenient for later computations to have the following elementary estimates at our disposal. The proof of Lemma 4.13 is both elementary and identical to that of Lemma 4.5.
) L-adapted geodesic normal coordinates centered at p, g ij the components of g in these coordinates which satisfy g iℓ g ℓj = δ j i , and Γ k ij be the Christoffel symbols of the Levi-Civita connection associated to g in these coordinates. Then for all points q ∈ M for which |q| := dist(p, q) ≤ 1, the following inequalities hold.
In what follows, it will be convenient to have the following result at our disposal.
Lemma 4.14.
where κ g (t) is the geodesic curvature of γ at the point t.
Proof. We begin by recalling that the geodesic curvature is given by κ g (t) = ∇γ (t)γ (t) ⊥ , and ∇γ (t)γ (t) ⊥ = ∇γ (t)γ (t); this follows since γ ≡ 1. Next we let (x 1 , . . . , x 2n ) denote L-adapted geodesic normal coordinates centered at p. Since dist p, γ(t) < 1/2 for all t ∈ [0, ℓ], we see that γ has image in the neighborhood on which the coordinates area defined. In local coordinates, we then find
where Γ is the locally defined bilinear operator associated the Christoffel symbols of the Levi-Civita connection. As a consequence of Lemma 4.13 and the fact thaṫ γ ≡ 1, we see that Γ(γ,γ) ≤ 1.
As a consequence of Lemma 4.10, we may assume with out loss of generality that the coordinates are chosen so that
Since γ(ℓ) ∈ L, and since inj L (p) ≥ 2 (this follows from admissibility of the given 5-tuple) we see that γ 2 (ℓ) = 0. Furthermore, there exist ℓ
The mean value inequality then guarantees that there exists a ℓ
The desired estimate then follows from this inequality and another application of Lemma 4. 13 .
In what follows, it will be convenient to have a notion of an immersion being "adapted" to totally geodesic Lagrangian. We make this precise with Definition 4.15 below.
Definition 4.15. Let (M, J, g, L) be as above, and let u : S → M be smooth immersion of Type 1 (see Definition 2.5). We say that (u, S) is adapted to (M, J, g, L) provided that any locally defined, continuous, and outward pointing u
Immersions (u, S) which are adapted to totally geodesic Lagrangian submanifolds as above have a particularly useful property which we state and prove at present.
and (u, S) be as in Definition 4.15. Suppose further that α : (−ǫ, ǫ) → ∂ 1 S is a u * g-unit speed path. Then α is a u * g-geodesic.
Proof. Let ν be continuous unit vector field along α for which ν,α u * g ≡ 0. To show that α is a geodesic it is sufficient to show that ∇ Ṡ αα , ν u * g ≡ 0, where ∇ S is the Levi-Civita connection on S associated to u * g (in other words
, and it vanishes identically because L is totally geodesic. Consequently π g T L ⊥ (∇ββ) = B L (β,β) = 0, and we immediately conclude that ∂ 1 S is a u * g-geodesic. This completes the proof of Lemma 4.16.
For the following lemma, it will be convenient to define (44) H r := {(s, t) ∈ R 2 : |s| < r and 0 ≤ t < r}.
Lemma 4.17 (Uniform Local Graphs with Lagrangian Boundary). There exists a constant r 0 > 0 with the following significance. Let (M, J, g, L, K) be an admissible 5-tuple with dim M = 2n, and suppose u : S → M is a Type 1 immersion which is adapted to (M, J, g, L) and which satisfies
Then for each 
Furthermore, letting subscripts s and t denote partial derivatives, and denoting γ 11 = u s , u s g , γ 12 = γ 21 = u s , u t g , γ 22 = u t , u t g , and γ ik γ kj = δ j i , the following inequalities also hold. (PL.11)
Proof. After a change in the construction of φ and choice of Φ, the proof of Lemma 4.17 is essentially no different than that of Lemma 4.6. As such, we will only discuss the necessary modifications, and then refer to the proof of Lemma 4.6 for verification of the appropriate estimates.
Begin by defining δ := 10 −10 . Next, since L is a totally geodesic Lagrangian, it follows that there exist L-adapted geodesic normal coordinates Φ such that Φ u(ζ) = 0 and (PL.1) holds. Furthermore, since (u, S) is an immersion (in particular at ζ) and it is adapted to L, it follows that for u * g-unit vectors τ, ν ∈ T ζ S for which τ ∈ T ζ ∂ 1 S, ν, τ u * g = 0, and ν "inward pointing", we see that Φ can be chosen so that (Φ • u) * τ = (1, 0, . . . , 0) and (Φ • u) * ν = (0, 1, 0, . . . , 0); this will guarantee that (PL.5) holds for any parameterization φ. To construct the map φ, we extend ν to be a continuous "inward pointing" u * g-unit vector field along ∂ 1 S which is u * g-orthogonal to ∂ 1 S, and define an exponential-type map (45)φ : H δ → S byφ(s, t) := exp exp(sτ ) (tν).
We now claim (and shall prove) thatφ is well defined and is an immersion. Indeed, as a consequence of Lemma 4.16 it follows that ∂ 1 S consists of u * g-geodesics; furthermore since (u, S) is adapted to (M, J, g, L) it follows that the set of nonsmooth boundary points of S is precisely
Thus to showφ is well-defined on H δ , it is sufficient to show that for ζ ′ ∈ ∂ 1 S with dist u * g (ζ, ζ ′ ) < δ, the map α(t) := exp ζ ′ (tν) is well defined for t ∈ [0, δ). To that end, suppose not; then there exists a smooth path β := u • α : [0, δ ′ ] → M which must satisfy the following conditions:
, and ∇ββ = B u (β,β) ≤ 1. However, by Lemma 4.14 we see that
From this contradiction we conclude thatφ : H δ → S given in (45) is well defined. The proof thatφ is an immersion is identical to the proof that exp ζ : {X ∈ T ζ S : X u * g ≤ δ} → S is an immersion in Lemma 4.6.
Next, define the coordinate projection pr(x 1 , . . . , x 2n ) = (x 1 , x 2 ), and the map
At this point, we observe that sinceφ :
Furthermore, by our choice of Φ, it follows that (T 0 ϕ)(0, 1) = (0, 1), and thus ϕ : H δ → H ∞ . Thus by defining φ :=φ • ϕ −1 , we see that with the exception of proving (PL.6), and some obvious modifications from working in "polar" coordinates to "bi-polar" coordinates, the remainder of the proof Lemma 4.17 is essentially identical to that of Lemma 4.6, with references to g C k g (K) , Definition 4.1, and Lemma 4.5 respectively replaced with g C k g,L (K) , Definition 4.11, and Lemma 4.13. Thus to finish the proof of Lemma 4.17, it is sufficient to prove (PL.6). To that end, we first note that we have already established that Φ(L) ⊂ R × {0}
n , so it is sufficient to prove thatũ t (s, 0) ∈ {0} × R n . Next we recall three important facts.
(1) The immersionφ : (H δ , ds
n , and along Φ(L) the metric Φ * g expressed in coordinates
as a block matrix with 2 × 2 entries each of the form ( * 0 0 1 ). Note that the second part of the third fact was established in Lemma 4.10. We can now conclude that (
it follows from the above three facts thatũ t (s, 0) ∈ {0} × R n . This completes the proof of (PL.6), as well as the proof of Lemma 4.17.
Theorem 4 (A priori derivative bounds). Fix constants m ∈ N, C > 0, and α ∈ (0, 1). Then there exists a constant C ′ = C ′ (m, C, α) with the following significance. Let (M, J, g) be a compact almost Hermitian manifold of dimension 2n (possibly with boundary), let L ⊂ M be a totally geodesic Lagrangian submanifold with ∂L = L ∩ ∂M , and let K ⊂ M be a compact set for which (M, J, g, L, K) is an admissible 5-tuple. Suppose further that
and let u : S → M be an immersed J-curve of Type 1 for which
Letting r 0 be the constant guaranteed by Lemma 4.17, we fix ζ ∈ u −1 (L ∩ K) and let φ : H r0 → S and Φ : B 2r0 × B ⊥ 2r0 → R 2n denote the maps also guaranteed by that Lemma. Then forũ := Φ • u • φ, the following estimate holds.
Proof. The proof of Theorem 4 parallels the proof of Theorem 3 exactly. Indeed, the only modification of any non-trivial importance is that the local parameterizations yielded by Lemma 4.17 satisfy an elliptic partial differential equation with either a partial Dirichlet or partial Neumann boundary condition. Nevertheless, elliptic bootstrapping at the boundary still applies, and the desired result is immediate.
Regularity of the second fundamental form
The purpose of this section is to establish several regularity results for the second fundamental form of an immersed J-curve u : S → M of either Type 0 or Type 1. The key results of this section are Theorem 5 and Theorem 6 which establish ǫ-regularity of B 2 for curves with or without partial Lagrangian boundary. Of perhaps more practical importance are Corollary 5.4 and Corollary 5.7 which guarantee that if the curvature of a J-curve is sufficiently large at a point ζ ∈ S, then there is a threshold amount of "total" curvature in a small neighborhood of ζ. Note that these theorems and corollaries depend heavily upon other regularity results, namely Proposition 5.2 and Proposition 5.6, which establish elliptic regularity for the second fundamental form. These two propositions can be regarded as a parametrization-independent version of elliptic regularity for J-curves.
Interior case.
Here we establish the aforementioned regularity results for immersed J-curves without partial Lagrangian boundary conditions, or more precisely for those J-curves which are Type 0 (see Definition 2.4). To that end, we begin with an useful elementary result regarding covariant derivatives of the two second fundamental forms A ∈ Hom N , Hom(T , T ) and B ∈ Hom T ⊗ T , N of an immersion u : S → M . Recall A and B are respectively defined by
Lemma 5.1. Let u : S → M be an immersion into a Riemannian manifold (M, g), and let A and B be the associated second fundamental forms. Then for each ζ ∈ S, k ∈ N, and τ 1 , τ 2 , X 1 , . . . , X k ∈ T ζ and ν ∈ N ζ , the following holds
where ∇ k A and ∇ k B denote the k th covariant derivative of A and B respectively. Furthermore
Proof. We begin by letting τ 1 , τ 2 , X 1 ∈ Γ(T ) and ν ∈ Γ(N ) be extensions of the given vectors so that
Then by taking successive derivatives we find
and thus by evaluating at ζ we find that (47) holds for k = 0, 1. Since the quantities on the right hand side of that equation do not depend on the extensions of τ 1 , τ 2 , and ν, we conclude that (47) holds for k = 0, 1 in general for arbitrary vectors X 1 , τ 1 , τ 2 and ν. Iterating this procedure, and making sure to take extensions of the X 1 , . . . , X k−1 so that
⊤ ζ for j = 1, . . . , k − 1, will prove (47) for all k ∈ N. Equation (48) then follows immediately.
We are now prepared to prove elliptic regularity of the second fundamental form. 
. . , C k+1 ) and which has the following significance. Let (M, J, g) be a smooth compact almost Hermitian manifold of dimension 2n which possibly has boundary. Define the setM := {p ∈ M : dist(p, ∂M ) ≥ 2}, and suppose (M, g,M ) is an admissible triple. Suppose further that
Then for any immersed J-curve u : S → M of Type 0 for which
the following also holds
where ∇ k B u ∈ Γ Hom( k+2 T , N ) denotes the k th covariant derivative of the second fundamental form B u of the immersion u.
Proof. For any smooth immersionũ : R 2 → R m we will use the following notation for coordinate tangent vectors:
Suppose that R m is equipped with coordinates (x 1 , . . . , x m ), and a Riemannian metric g, with components g ij and associated inverse components g ij for which δ j i = g iℓ g ℓj . Then for any tangent vector fields of the form τ i =ũ ,ji , repeated use of the Leibniz rule and the fact that
where the F ℓ k,j1,...,j k+2 are polynomials of their arguments which we denote as
Here the γ ij satisfy δ It will often be convenient to locally consider J-curves in small balls B ǫ (p) ⊂ M (in particular for ǫ < 2). In such cases the following result is useful. Then sup
Proof. We begin by defining N := B 
However, by the definition ofÑ , the fact that
u , and another application of Lemma 4.4, we then find
which is precisely the desired estimate.
With Proposition 5.2 established, we are now prepared to state and prove the main result of Section 5.1, namely Theorem 5 below. To that end, it will be convenient to have the following notation at our disposal. If (M, g) is a compact Riemannian manifold which possibly has boundary, then for each δ ≥ 0 we define M δ to be the compact set given by
Theorem 5 (ǫ-regularity of B 2 ). Fix positive constants C, δ, c > 0 and n ∈ N. Then there exists a positive constant = (C, δ, c, n) < δ with the following significance. Let (M, J, g) be a compact almost Hermitian manifold of dimension 2n which possibly has boundary, and which satisfies
Let u : S → M be an immersed J-curve of Type 0. Then for each ζ ∈ u −1 (M 3δ ) ⊂ S and r ∈ (0, ) for which
the following inequality also holds
Proof. The proof is similar to the Choi and Schoen's proof of ǫ-regularity of B 2 for minimal surfaces as in [1] . That is, we argue by contradiction and rescaling methods. Thus we proceed by assuming the theorem is false. Then there exist sequences of almost Hermitian manifolds (M k , J k , g k ), and J k -curves u k : S k → M k which satisfy the hypotheses of the Theorem, and there also exists a sequence ǫ k → 0 and a sequence of points
Next we let σ k ∈ (0, r k ] be chosen so that
and we let ζ
from which we conclude (51) sup
Next we define the metricsg k := (ℓ/c k ) 2 g k where ℓ := max(6, 2c). Observe that the (M k ,g k , J k ) are again almost Hermitian manifolds. Also, it is straightforward to show that B g k u k = Bg k u k and that the following point-wise estimate holds:
For clarity, for each r > 0 and ζ k , define the set S r (ζ ′ k ) to be the connected component of {ζ
. We then conclude from (51) -(53), c k ≤ σ k , and ℓ := max(6, 2c) that
k , and c k , ǫ k → 0, it follows that for all sufficiently large k, we have
We then define the compact manifolds (with boundary) N k and K k to be the closures of Bg
We conclude that the triples (N k ,g k , K k ) are admissible for all sufficiently large k, and the J k -curves with restricted domains given byũ k := u k :S 3 (ζ ′ k ) → N k , with image in the almost Hermitian manifolds N k , J k ,g k , are immersed and of Type 0 and satisfy
and sup
By Proposition 5.2 we conclude that there exists a C 1 > 0 which is independent of k, for which
Then either arguing directly, or applying Lemma 4.6, one finds that there exist constants k 0 ∈ N andĉ > 0 such that for all k ≥ k 0 the following holds:
However, for each ζ ∈ Σ k there exists aũ * k g k -unit speed geodesic γ for which γ(0) = ζ ′ k and γ(ℓ) = ζ and ℓ ∈ (0,ĉ]. Consequently, by inequality (54)
and thus inf ζ∈Σ k Bg
k denote that Hausdorff measures associated to the metrics u * k g k andũ * kg k = u * kg k respectively, and observe that dH
Then by inequality (55) we find πĉ
Sinceĉ, c, ℓ > 0 are independent of k, we have obtained the desired contradiction. This completes the proof of Theorem 5.
While useful as stated above, it will be convenient to state the "curvature threshold" version of Theorem 5 above, namely Corollary 5.4 below.
Corollary 5.4 (Curvature Threshold). Fix real constants C, δ > 0 and n ∈ N. Then there exists a positive constant = (C, δ, n) < δ with the following significance. Let (M, J, g) be a compact almost Hermitian manifold of dimension 2n which possibly has boundary, and which satisfies
Let u : S → M be an immersed J-curve of Type 0. Then for each ζ ∈ u −1 (M 3δ ) ⊂ S the following statement holds for every 0 < r < :
Proof. Let > 0 be the constant yielded from Theorem 5 for c = 1/3, and C, δ, and n as above. Then
We conclude from Theorem 5 that it cannot be the case that Sr(ζ) B 2 ≤ , so the desired conclusion is immediate.
Lagrangian boundary case.
Here we establish the aforementioned regularity results for immersed J-curves with partial Lagrangian boundary conditions, or more precisely for those J-curves which are Type 1 (see Definition 2.5). It should not be surprising that many of the results below are proved by considering two types of points ζ ∈ S, namely those that are uniformly bounded away from ∂ 1 S, and those which are sufficiently close to ∂ 1 S. For the former points, we apply results of Section 5.1 directly, and for the latter points we mimic the proofs in Section 5.1 while making references to results in Section 4.2 instead of Section 4.1. To help establish this dichotomy, it will be convenient to have the following estimate comparing extrinsic and intrinsic distances.
Lemma 5.5 (extrinsic/intrisic estimate). Let (M, g) be a compact Riemannian manifold of dimension 2n which possibly has boundary, defineM := {q ∈ M : dist g (q, ∂M ) ≥ 2}, and suppose that (M, g,M ) is an admissible triple (in the sense of Definition 4.2). Suppose further that u : S → M is an immersion, for which S is compact but possibly has boundary, and assume that sup S B u ≤ 1. Then for each ζ ∈ S \ ∂S with the property that u(ζ) ∈M , the following also holds for all 0 < r ≤ min 1/10, dist u * g (ζ, ∂S) :
here S r (ζ) is defined to be the connected component of
Proof. Begin by considering a u * g-unit speed geodesic γ : [0, r] → S such that γ(0) = ζ. Next, choose geodesic-normal coordinates Φ = (x 1 , . . . , x 2n ) : B 1 u(ζ) → R 2n so that Φ u(ζ) = 0, and
x 1 u(γ(t)) = 1. For convenience, definē g := dx i ⊗ dx i , and the path α := (α 1 , . . . , α 2n ) = Φ • u • γ, so that α(0) = 0 anḋ α 1 (0) = 1. We will also abuse notation by letting g denote the pushed forward metric Φ * g.
Observe that by definition γ is a u * g-geodesic in S, and thus
, which is bounded in norm by 1 by assumption.
Consequently ∇αα g ≤ 1 which implies α + Γ α (α,α) g ≤ 1, where Γ is the locally defined bi-linear form on R 2n associated to the Christoffel symbols in the coordinates Φ. However, since r ≤ , and thus for all t ∈ [0, r] we have
Sinceα 1 (0) = 1, the mean value theorem then guarantees that for t ∈ [0, 1/10] we haveα 1 (t) ≥ 1/2. Integrating up, we then find that α
for all t ∈ [0, r]. The desired result is immediate.
We next move on to our first main result, namely elliptic regularity for the second fundamental form.
Proposition 5.6 (higher order curvature bounds). Fix a constant α ∈ (0, 1), and an increasing sequence {C k } ∞ k=0 ⊂ R + , then there exists another increasing sequence {C
. . , C k+1 ) and which has the following significance. Let (M, J, g) be a smooth compact almost Hermitian manifold of dimension 2n which possibly has boundary, and let L ⊂ M be a compact embedded totally geodesic Lagrangian submanifold for which ∂L = L ∩ ∂M . For each ǫ > 0 define the set
Then for any immersed J-curve u : S → M of Type 1 for which
the following also holds N ) denotes the k th covariant derivative of the second fundamental form B u of the immersion u.
Proof. We begin by letting r 0 be the positive constant guaranteed by Lemma 4.17.
is an admissible 5-tuple, it also follows from Lemma 4.17 that for each point ζ ∈ u −1 (K 2 ) ∩ ∂ 1 S, there exists a map φ ζ : H r0/2 → S which is a diffeomorphism with its image, satisfies φ ζ (0) = ζ, and satisfies the conclusions of that lemma. Arguing as in the proof of Proposition 5.2, one proves the existence of constantsC φ ζ (H r0/2 ).
For each ζ ∈ S, we define S r (ζ) to be the connected component of u −1 B r (u(ζ)) that contains ζ. We then note that a consequence of Corollary 5.3 is that there exist constantsĈ k :=Ĉ k (α, C 1 , . . . , C k+1 ) such that ∇ Case II: dist u * g (ζ ′ , ∂ 1 S) > r 0 /5. Since ζ ′ ∈ u −1 (K 3 ), we can then conclude that dist u * g (ζ ′ , ∂S) > r 0 /5. Since r 0 ≤ 1/2, we can then conclude from Lemma 5.5 that there exists an open neighborhood O of ζ ′ such that S r0/10 (ζ ′′ ) ⊂ {ζ ∈ S : dist u * g (ζ, ζ ′′ ) < r 0 /5}, for all ζ ′′ ∈ O. Since {ζ ∈ S : dist u * g (ζ, ζ ′ ) ≤ r 0 /5} ∩ ∂S = ∅, we see that (57) holds. This completes the proof of Proposition 5.6.
As in Section 5.1, the establishment of elliptic regularity of B allows one to prove ǫ-regularity of B 2 and a "curvature threshold." We accomplish this at present.
Theorem 6 (ǫ-regularity of B 2 ). Fix real constants C, δ, c > 0 and n ∈ N. Then there exists a positive constant = (C, δ, c, n) < δ with the following significance. Let (M, J, g) be a compact almost Hermitian manifold of dimension 2n which possibly has boundary, and which satisfies Proof. The proof is very similar to that of Theorem 5. Indeed, suppose not, then argue that there must exist sequences of almost Hermitian manifolds (M k , J k , g k ), Lagrangian submanifolds L k ⊂ M k , and J k -curves u k : S k → M k which satisfy the hypotheses of the Theorem, and there also exists a sequence ǫ k → 0 and a sequence of points ζ k ∈ u −1 (M 3δ k ) ⊂ S k and a sequence r k ∈ (0, ǫ k ] for which
Choose σ k ∈ (0, r k ] and ζ ′ k ∈ S r k −σ k (ζ k ) as in the proof of Theorem 5, in particular so that max 0≤σ≤r k σ 2 sup
and S r (ζ ′ k ) as before, so that (58) sup
Also as before, defineg k : (ℓ/c k ) 2 g k , where ℓ := max(8, 2c), so that
Letting N k denote the closure of Bg
, we see that the restricted maps u k :S 4 (ζ ′ k ) → N k are immersed J k -curves of Type 1 which satisfy (59). It follows from Proposition 5.6 that there exists a C 1 > 0 with the property that for all sufficiently large k, the following holds
At this point we pass to a subsequence so that precisely one of the two following cases holds. Case I: There exists ǫ ′ > 0 such that distũ * As the proof of Theorem 5, the desired contradiction follows from the scale invariance of the "total" curvature B 2 dH 2 , and the fact that by construction Σ k ⊂ S r k (ζ k ), on which the total curvature is assumed to be arbitrarily small. The remainder of the proof then follows as in Case I.
As in the previous section, we now state the associated "curvature threshold" version of the above result for the Lagrangian boundary case. Proof. The proof is essentially identical to that of Corollary 5.4, with reference to Theorem 5 replaced with reference to Theorem 6.
With our notation established, we now move on to proving the main result of this section. To that end we first establish a second order partial differential equation satisfied by arbitrary smooth (or at least C 2 ) maps u : S → M .
Lemma A.1. Any immersion u : S → M expressed in local coordinates as above satisfies the following equation,
where ∂ x α → (∂ x α ) ⊤ denotes the orthogonal projection onto the tangent bundle T , and ∆, γ ij , and Γ
where ∂ x µ → (∂ x µ ) ⊥ denotes the orthogonal projection to the normal bundle N → S, and ∆, γ ij , and Γ µ αβ are defined as in the beginning of this section. Proof. We begin by choosing an locally defined orthonormal frame field {e 1 , e 2 } of the tangent bundle T → S, and we define the functions a ij = ∂x ∂y i , e j . Define a ij so that a ik a kj = δ ij ; then e i = a ij ∂x ∂y j , so δ ℓk = a ℓi a kj γ ij ⇒ a ik = a kj γ ij ⇒ γ ji a ik = a kj ⇒ γ ij = a ki a kj .
Then H = tr S B = B(e k , e k ) = ∇ e k e k ⊥ = a ki a kj ∇ ∂x ∂y i ∂x ∂y j
where we have made use of the fact that
Thus we have established equation (64) 
